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Abstract 

Combining results of Cardoso- Vodev and Froese-Hislop we use Mourre's theory to 
prove high energy estimates for the boundary values of the weighted resolvent of the Laplacian 
on an asymptotically hyperbolic manifold. We derive estimates involving a class of pseudo- 
differential weights which are more natural in the asymptotically hyperbolic geometry than 
the weights (r} _1/ ' 2_,! used in 0. 

1 Introduction, results and notations 

The purpose of this paper is to prove resolvent estimates for the Laplace operator A g on a non 
compact Riemannian manifold (A4,g) of asymptotically hyperbolic type. The latter means that 
M. is a connected manifold of dimension n with or without boundary such that, for some relatively 
compact open subset /C, some closed manifold Y (i.e. compact, without boundary) and some 
7'o > 0, (Ai \ /C, g) is isometric to [ro, +oo) x Y equipped with a metric of the form 

dr 2 + e 2r h{r). (1.1) 

For each r, h(r) is a Riemannian metric on Y which is a perturbation of a fixed metric h, meaning 
that, for all k and all semi-norm |||.||| of the space of smooth sections of T*Y ® T*Y , 

sup \\\(r) 2 d*(h(r) - h)\\ \ < oo, (1.2) 

r>r 

with (r) = (1 + r 2 ) 1 / 2 . Here, and in the sequel, r denotes a positive smooth function on M going to 
+oo at infinity and which is a coordinate near M.\fC, i.e. such that dr doesn't vanish near M\K. 
Such manifolds include the hyperbolic space H„ and some of its quotients by discrete isometry 
groups. More generally, we have typically in mind the context of the 0-geometry of Melrose |15j . 
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Let G be the Dirichlct or Neumann realization of A g (or the standard one if dM is empty) 
on L 2 (M, dVdlg). Then, according to 0, it is known that the limits {r)~ s (G — A ± iO) _1 (r) _s := 
lim £ ^ + (r)~ s (G — A ± ze) _1 (r)~ s exist, for all s > 1/2, and satisfy 

\\(r)- s (G-X±iO)- 1 {r)- s \\ L2{MjdVoW <Ce c ^'\ A » 1. (1.3) 

In it is shown that the right hand side can be replaced by CA -1 / 2 , under a non trapping 
condition. 

In the present paper, we will mainly prove that, up to logarithmic terms in A, such estimates 
still hold if one replaces (r)~ s by a class of operators which are, in some sense, weaker than (r)~ s 
and more adapted to the framework of the asymptotically hyperbolic scattering. 

Let us fix the notations used in this article. 

Throughout the paper, C£°(A4) denotes the space of smooth functions with compact support. 
If At has a boundary, Qj°(At) is the subspace of C£°(A1) of functions vanishing near dM and if B 
denotes the boundary conditions associated to G (if any), C|?(A() is the subspace of <p £ C^°(M) 
such that Btp = (e.g. Bip = ipigM f° r the Dirichlet condition). 

We set I = (r , +oo) and call i the isometry from M \ K. to I X Y. If f : [/y C 1" 3 w ^ 
{Vii • • • ,Un-i) £ U C K™ -1 is a coordinate chart and At \ K, 3 m uj(m) 6 Y is the natural 
projection induced by l, we define the chart ^ : x Uy) C M — > / x U by 

#(m) = (r(m), *(w(m))) . (1.4) 

There clearly exists a finite atlas on At composed of such charts and compactly supported ones. 
For any diffcomorphism / : M — > N , between open subsets of two manifolds, we use the standard 
notations /* and /* for the maps defined by f*u = uo / _1 and /*it = uof, respectively on C°°(M) 
and C°°(N) (and more generally on differential forms or sections of density bundles). 

By JIIJ and we have i*(dVol 9 ) = ee^-^drdVoh, on At \/C, with 9 = dVol h ( r )/dVol ft 

satisfying sup/ \\\(r) 2 d^(Q(r, .) — 1)||| < oo for all k and all seminorm |||.||| of C°°(Y). We choose 
a positive function O S C°°(At) such that t*0 = e' Tl-1 - ) '*0 on At \ /C and we define a new measure 
cfVolyK = Q~ 1 dVo\ g . This is convenient since we now have t*(dVol J vi) = drdVolh on I x Y hence, 
if we set L 2 {M) = L 2 (M, dVoLvt), we get natural unitary isomorphisms 

oo 

L 2 (1C) © L 2 {M \ K) « i 2 (/C) © L 2 (7, dr) L 2 (F, dVolft) « L 2 {K) © L 2 (7, dr), (1.5) 

k=0 

using, for the last one, an orthonormal basis (ipk)k>o of eigenfunctions of Ah- More explicitely, the 
isomorphism between L 2 (I, dr) ® £ 2 (F, dVol/j) and 0^L O L 2 (I, dr) is given by tp {(fk)k>o with 



VfcO*) = J f(r 7 uj)ip k (uj) dVol h (uj). (1.6) 

In what follows, we will consider the self-adjoint operator 

H = 1/2 GQ- 1/2 

on L 2 (M), with domain Q 1 ^ 2 D(G). If <9At is non empty, we furthermore assume that = 1 near 
<9At in order to preserve the boundary condition. This is an elliptic differential operator, unitarily 
equivalent to G, which takes the form, on At \ /C, 

H = D 2 + e- 2r A h + V + (n - l) 2 /4, (1.7) 
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with Ah the Laplace operator on Y associated to the r-independent metric h and V a second order 
differential operator of the following form in local coordinates 

= J2 (r)- 2 v (r, y)(e- r D y )^ (1.8) 

l/3|<2 

with d^dyVp bounded on / x Uq for all Uq <s= U and all k, a. Here U is associated to the chart ^ 
(see above l)1.4|) '). Without loss of generality, by possibly increasing ro, we may assume that 

H = H o + V 

with V of the same form as above, with coefficients supported in M. \ /C, which is H bounded 
with relative bound < 1 (see Lemma 1.4 of [Hj or Lemma f3 . 51 below) . and Hq another self-adjoint 
operator (with the same domain as H) such that 

H = D 2 . + e~ 2r A h + (n - l) 2 /4, (1.9) 

on r 1 ((ro + 1, oo ) x Y). 

We next choose a positive function w £ C°° (R) such that 

f 1, x < 0, , 
w(x) = { ~ '. (1.10) 

I X, X > 1 

If spec(Aft) = (/ifc)fe>o and s > 0, we define a bounded operator W- s on L 2 (J) (g> -L 2 (F, rfVol/j) by 
(wL.<p)(r,w) =5>- s (r-lo gv /(^V fc (r)^H. (1.11) 

fc>0 

Using (|1.5p . we pull W~ s back as an operator W- s on L 2 (.M), assigning W~ s to be the identity 
on L 2 (/C). We can now state our main result. 

Theorem 1.1. Assume that, for some function g(X) > cA -1 / 2 and some real number < sq < 1, 

\\(r)- S0 (H- \±iO)- 1 {r)- So \\ < Cg(X), A » 1. (1.12) 
Then, for all s > 1/2, there exists C s such that 

\\W-.(H-\±iO)- 1 W-.\\ <C s (\ogX) 2s ° +2s g(X), A > 1. (1.13) 
Using the results of [HlESjj i.e. the estimates l|1.3J) . we obtain 

Corollary 1.2. Let W% = Q-^W-sQ 1 ' 2 with s > 1/2. On any asymptotically hyperbolic 
manifold, we have 

\\W2„(G-X±i0)- I w2, || L2(M)dVol9) <a(logA) 4s e c ° AV2 , A » 1, 

with the same Cq as in \1. ty . If the manifold is non trapping (in the sense ofJ23jj), we have 

\\W? a (G-\±iQ)- l W?.\\„ (M) ^ ) <CQ g\)*\- 1 '*, A»l. 
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These results improve the estimate (II .31) to the extent that W- s and W® a are "weaker" than 
(r)~ s in the sense that W- S (r) s is not bounded. The latter is easily verified using by choosing 

a sequence (yfc)fc>o G L 2 {I) such that J2k llVfell 2 = 1 with ipk supported close to log yj (Mfc)- 

A result similar to Theorem ll.ll has already been proved by Bruneau-Petkov in for Euclidean 
scattering (on R"). They essentially show that, if P is a long range perturbation of — Ar« such that 
\\x(P - X±iO)- 1 x\\ = 0(e cx ) for all x e C*£°(M™), then \\{x)~ s (P - X±iOy 1 {x}~ s \\ = C(e ClA ), 
with s > 1/2. In other words, one can replace compactly supported weights by polynomially 
decaying ones. 

Weighted resolvent estimates can be used for various applications among which are spectral 
asymptotics, analysis of scattering matrices, of scattering amplitudes or non linear problems. In 
particular, they are known to be useful to obtain Weyl formulas for scattering phases in Euclidean 
scattering [201 El HI HI an d the present paper was motivated by similar considerations in the 
hyperbolic context 0J |S] . Actually, high energy estimates are important tools to get semiclassical 
approximations of the Schrodinger group by the techniques of Isozaki-Kitada fT^j . This is well 
known on R n [23I21EI and is being developed for asymptotically hyperbolic manifolds 0JE|. These 
applications will be published elsewhere (they would otherwise lead to a paper of unreasonnable 
length) . 

We now introduce a class of pseudo-differential operators associated with the scale of weights 
defined by the operators W- s . For s £ R, we set 

w s (r,r]) =w s (r - log(7?}) 

and define the space S(w s ) C C°°(R r x RJp 1 x R p x RJp 1 ) as the set of symbols satisfying 

{d^d^a^y^^^KC^Wsir^), r, p £ R, y,r] G K n_1 . 

Note that, w s is a temperate weight in the sense of ^2] (see Lemma 14.21 of the present paper). 
Note also that S(w Sl ) c S(w S2 ) if si < s 2 . 

To construct operators on the manifold A4, we consider a chart Uy (we keep the 

notations above H1.4f> ) and we choose open sets Uq <s= U\ (e U2 (s U. We pick cutoff functions 
k, k 6 C°°(R r x Ry l_1 ) which are respectively supported in J x Ui and I x U2, with bounded 
derivatives and such that k = 1 near supp k, k = 1 on (ri,+oo) x Uq for some ri > r$. For 
bounded symbols a, we can then define 

**KQj(a)K#* = y*Ka(r,y,D r ,D y )K$>*, 

on L 2 (M). 

Theorem 1.3. Assume that a 6 S(w- S ) for some s > 0. Then, there exist bounded operators B\ s 
and i?2,s on L 2 (A4) such that 

V*KOp(a)RV* = B l>s Ws = W- S B 2 , S . 

The interest of this theorem is that Theorem 11.11 still holds if one replaces W- s by pseudo- 
differential operators with symbols in S(w^ s ), s > 1/2. This is important since the classes S(w^ s ), 
with s > 0, are naturally associated with the functional calculus of asymptotically hyperbolic 
Laplacians as we shall see below. 

Let us explain why polynomial weights {r)~ s are more natural for Euclidean scattering than 
for the asymptotically hyperbolic one. In polar coordinates on R n , the principal symbol of the flat 
Laplacian is p 2 + r~ 2 qo (with qo — Qa(y,v) the principal symbol of the Laplacian on the sphere) 
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and since dr 2 jdr = —2r 2 x r 1 , it is easy to check that, for all k € N, 7 6 N™ 1 and z £ [0, +00), 
one has 

\d^d^(p 2 + r- 2 q -z)- 1 \ <C», fcl7 |p 2 +r- 2 «,-«|- 1 r- fc -H. (1.14) 

Here we consider the function (p 2 + r~ 2 qo — z)^ 1 for it is the principal symbol of (— Ar» — z)~ x 
(in polar coordinates) and hence the prototype of the symbols involved in the functional calculus 
of perturbations of — Ar™. Besides, we note that when one considers a perturbation of —Ar™ by 
a long range potential Vl, one usually assumes that, for some e > 0, 



\d?V L (x)\ <C a (xY 



-M 



Hence, powers of r" 1 are naturally involved in the symbol classes for Euclidean scattering. This 
is compatible with the fact that the weights needed to get resolvent estimates in this context are 
also powers of r . 

In hyperbolic scattering, the situation is different. The principal symbol of Ho (see (11.911 ) 
takes the form p 2 + e~ 2r qh (with = qh(y,v) the principal symbol of Ah on Y) and since 
de~ 2r /dr — —2e~~ 2r we cannot hope to gain any extra decay of the symbols with respect to r, 
unlike in the Euclidean case. However, remarking that 



e- 2r q h 



p 2 + e 2r q h 



<C s w^ s {r,ri), Vs>0, 



it is easy to check that, if k + \j\ > 1, 

\d k r d^{p 2 + e- 2r q h - z)- 1 ! < C zMatS \p 2 + e~ 2r q h - z^w^r^), V s > 0. (1.15) 

Here again, we have chosen (p 2 + e~ 2r qh — z) -1 since it is the principal symbol of the pseudo- 
differential approximation of (Hq — z)^ 1 (see 01 E])- The estimate (J1.15JI reflects the fact that the 
weights w~ s are more natural than (r)~ s in hyperbolic scattering: we do not gain any power of 
r _1 by differentiating but we gain powers of W-i and these weights are naturally associated with 
the resolvent estimates as shown by Theorems 11.11 and II . 31 

Let us now say a few words about the simple idea on which Theorem 1 1.1 1 is based. The proof 
uses Mourre's theory and relies on two remarks. The first one is roughly the following: assume 
that, for A 3> 1, we can find f\ E Cq°(R) and some self-adjoint operator A such that the (formal) 
commutator i[H, A] has a bounded closure i[H, A] on D(H) and 

f x (H)i[H,A]°f x (H) > \f 2 (H) (1.16) 

with f\ = 1 on (A — 5\, A + 5\). Then, one has 

\\{A)->{H-\±iQ)- 1 {A)->\\ = 0(8?). 

This essentially follows from the techniques of |16j (thought our assumptions on A and H won't 
fit the framework of ^B]) an d is the purpose of the next section. We emphasize that, instead of 
HI .16(1 . a Mourre estimate usually looks like 

E nx) (H)i[H,A]°E im (H) > 2XE im (H) + E I{X) (H)K X E IW (H) (1.17) 

with Ej(x) (H) the spectral projector of H on some interval 1(A) 3 A, and K\ a compact operator. 
As explained in ^6 , H1.17|l implies p. 16(1 provided f\ is supported away from the point spectrum 
of H and 8\ is small enough, since f\(H)K\ — > as 6\ — > 0. But we don't have any control on 
S\ in general and here comes our second remark. If one already knows some a priori estimates on 
(H — A ± ?0) _1 , we can hope to control 5\ from below by mean of the following easy lemma which 
links explicitly the size of the support of the function, i.e. S\, to estimates on the resolvent. 
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Lemma 1.4. Let (L,D(L)) be a self-adjoint operator on a Hilbert space TL and J an interval. 
Assume that, for some bounded operator K , 

sup \\K*(L- \±iey 1 K\\ < oo. (1.18) 

\£J, 0<e<l 

Then, for all f G C^°( J), one has 

\\f(L)K\\ < ^ 1/2 | J| 1/2 ||/||oo sup \\K*(L — A ± zO)- 1 ^!! 172 , 

with \J\ the Lebesgue measure of J, provided the right hand side is well defined. 

Proof. This is a direct consequence of the Spectral Theorem which shows that, for all (p £ Tt, 

\\f(L)K V \\ 2 = (2t7r)- 1 \im f IfiE^idL-E-te)- 1 - (L - E + ie)- 1 )^, K V ) dE. □ 

Remark. If L = H and J g ((n — l) 2 /4, +00), the condition ljl. 18|l is known to hold by 
choosing for instance K = (r)~ s with s > 1/2. 

We shall apply this strategy, i.e. deduce (|1.16|) from an estimate of the type i|1.17|) using the 
above trick with the a priori estimates of Cardoso- Vodev proved in joj. The conjugate operator A 
(which will actually depend on A) is essentially the one constructed by Froese-Hislop in [2]. 

We note in passing that we actually prove a stronger result than Theorem ll.il namely a Mourre 
estimate (see Theorem I3.12[) which implies Theorem 11.11 Thus, using the techniques of ^7], we 
could also get other propagation estimates involving "incoming" or "outgoing" spectral cutoffs. 

This method is rather general and could certainly be adapted to other settings than the asymp- 
totically hyperbolic one. For instance, we could consider manifolds with Euclidean ends or both 
asymptotically hyperbolic and Euclidean ends, using the standard generator of dilations rD r + D r r 
(cut off near infinity) as a conjugate operator in Euclidean ends, as in 

The organization of the paper is the following. In Section [2 we review Mourre's theory with a 
class of operators adapted to our purpose and give a rather explicit dependence of the estimates 
with respect to the different parameters. We point out that some of our technical assumptions on 
A and H will not be the same as those of ^1- For this reason and also to take the parameters 
into account, we need to provide some details. In Section [21 we review the construction of the 
conjugate operator A introduced in [S]. For the same reasons as for Section [3 we cannot use 
directly the results of [Hj and we need again to review some proofs. We also give a pseudo- 
differential approximation for A. In Section^ we prove Theorems 11.11 and 1 1 . 31 

2 Mourre's theory 
2.1 Algebraic results 

In what follows, (H, D(H)) and (^4, -0(^4)) are self-adjoint operators on a Hilbert space Tt that will 
eventually satisfy the assumptions (a), (b) and (c) below. These assumptions are slightly different 
from the ones used in |16| but, taking into account some minor modifications, they allow to follow 
the original proof of Mourre to get estimates on (A)~ S (H — A ± iO)^ 1 (A)~ s . In this subsection, we 
record results allowing to justify the algebraic manipulations needed for that purpose. Differential 
inequalities and related estimates are given in Subsection 12.21 
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(a) Assumptions on domains: there exists a subspace T> C D(H) fl D (j4) dense in 7Y, such that 



2? is a core for A, (2-1) 

i.e. is dense in D(A) equipped with the graph norm. We also assume the existence of a sequence 
Cn of bounded operators satisfying, for all n£N, 

CnD(H) c D(H), ( n D(A) c D(A), (2.2) 

C„(H - z)~ l V cV, Vz^spec(iJ), (2.3) 

( n g(H)HcV, V g eC °°(R), (2.4) 

and furthermore, as n — > oo, 

C„</> - tp, VpeH, (2.5) 

AC„v -» Ap, V^eD(A), (2.6) 

ff&p -> VpeD(H). (2.7) 

The last condition regarding the domains is the following important one 

[H - z)~ 1 D{A) c Vz^spec(ff). (2.8) 



Remark. When ^4 and H are pseudo-differential operators on manifolds, most of these conditions 
are easily verified. The hardest is to check 1)2. 8[1 . We point out that sufficient conditions ensuring 
(|2.8|) are given in ^1 ( see a ls° HI E3)> namely conditions on e ttA , but they don't seem to be 
satisfied by the operators considered in Section [3] We thus rather set (|2.8|l as an assumption in 
this part; in the next section, the explicit forms of A and H will allow us to check it directly (see 
Proposition 13. 9|l . 

Note also the following easy result. 

Lemma 2.1. Conditions (jg.gt) . 1)2. 6|) and \2.1\ imply that AC, n {A + i)^ 1 , H( n (H + i)~ 1 are 

bounded operators on 7i, uniformly with respect to n. In addition, H#.ffl implies that T> is a core 
forH. 

Proof. We only consider H . For all e > 0, H(eH + i) _1 £ n (.ff + i)^ 1 is bounded and converges 
strongly on H as e — > 0, since D(H) is stable by ( n . This proves that H(^ n (H + i)^ 1 is bounded, 
by uniform boundedness principle. Then, by 1)2.7(1 . H(, n (H + i)^ 1 converges strongly on Ji to 
H(H + i)^ 1 and hence is uniformly bounded by the same principle. Thus, if ip € D(H) and 
T> 3 (p n — ► (H + i)ip in H, then ip n := Cn(# + i)~ 1 p n is clearly a sequence of 2? such that tp n — > 
and iJ^ n -> iJ^ in H. □ 

("6^ Commutators assumptions. There exists a bounded operator [if, A] from D(H) (equipped 
with the graph norm) to H, and Ch,a > such that, for all ip,tp G V, 

(Asp, HtJj) - (Hep, Aij>) = ([H, A]°p, ip) , (2.9) 
\(Ap,i[H,A]°ip) - (i[H,A]°<p,Aip)\ <C h ,aU\\ \\{H + %)<p\V (2.10) 

Note that we only require that ip,ip £ V in and f2~Tn)) (instead of D(A) n D(H) in the 

original paper ^H]). Note also that i[H, A}° is automatically symmetric on £>, hence on D(H) by 
Lemma 12.11 
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We now state the main assumption. 
(c) Positive commutator estimate at A G K. There exists 5 > and / £ C^°(1R,R) with < / < 1, 
such that, 



f(E) 

and satisfying, for some a > 0, 



1 if \E - A| < 2(5, 
if | £7 - A| > 3(5, 



/(if)i[fl,A]°/(ff)>a/(if) 2 (2.11) 

Remark that (|2.11|) makes perfectly sense, for f(H)i[H, A] f(H) is bounded and self-adjoint in 
view of the symmetry of i[H, A) on D(H). 

The main condition among (a), (b) and (c) is the Mourre estimate <|2.11|) . We include the 
parameters a and <5 to emphasize their important roles in the estimates given in the next subsection. 

We now record the main algebraic tools needed to repeat Mourre's strategy. 

Proposition 2.2. Assume that all the conditions $2.1\ . • • • , but \2.4\ hold. Then, on D(A), 

[(H -z)- 1 ,A] = -(H-z)- 1 [H,A]°{H-z)- 1 , z£spec(H). (2.12) 

Furthermore, (A ± iAy 1 D(H) C D(H) for all A > 1 and, by setting A(A) = iAA(A + iAy 1 , we 
have 

[H, A(A)]ip -> [H, A]°(p, A -> oo, (2.13) 

m W, /or ^ £ £>(#). 

Proof. We apply Ij2.9[l to = Cn(-ff — an d 4>n = C«(^ — z) _1- with ip,ip £ D. Since 

is bounded on £>(#)> implies that [£/", A]Vn -> [H,A]°(H - z)' 1 ^. Furthermore, 

( n (H — z)~ x (p —> (H - z)~ x (p in D(A) by l|2.6|l and l|2.8fl (the same holds for if>) and hence 

((# - z)" V, A^) - (Afc (tf - z)" 1 ^) = ([#, A] (H - z)~ V, (IT - z)" 1 ^) • 

Since 2? is a core for A, the above equality actually holds for all (p, ip £ I? (A). This shows (I2.12f) . 
The proof of (|2~H1) follows as in 16 . Indeed (|2~11|) yields 

[(# - z)- 1 , (A - Z)- 1 } = -(A - Z)-\H - zy^H, A]°(H - z)-\A - Z)~\ (2.14) 

which implies that (H + i)- 1 (A±iA)- 1 = (A±iA)~ 1 (H + i)~ 1 (l + C(A -1 )), where C(A _1 ) holds 
in the operator sense. This clearly implies that (A ± iA)~ 1 D(H) C D(H) for A > 1 and that 
B{A) := (H + i)iA(A + iA) _1 (iJ + i)" 1 -> 1, in the strong sense on K. The latter leads to lf!Tl"3j) 
since, on D(H), 

[H, A(A)] = iA(A + iA)- 1 ^, A]°{H + i)- 1 £f(A)(J7 + i). (2.15) 
The proof is complete. □ 

The next proposition is important for several reasons. Firstly, it will allow to justify the 
manipulation of some commutators and secondly, it gives an explicit estimate for the norm of (the 
closure of) [g(H),A](H + i)~ l . It is also a key to the proof of the useful Proposition 12.41 below. 
We include the proof of Proposition 12.31 essentially taken from ^H] , to convince the reader that 
our assumptions are sufficient to get it. 



Proposition 2.3. Under the assumptions of Provosition \2~2\ the following holds: for any bounded 
Borel junction g such that J \tg(t)\dt < oo, we have g(H)(D(A) (~l D(H)) C D(A) and 

\MH),A]<p\\ < (27T)- 1 / \tg(t)\dt WlH^AfiH + i)-^ \\(H + i)<p\\, Vipe D(A) n D(H). 



Before proving this proposition, we quote the following important consequence. 

Proposition 2.4. In addition to the assumptions of Proposition \2.2L suppose that \2-4\ holds. 

Then, for any ip 6 D(A) n D(H), there exists a sequence tp n G T> such that, as n —* oo ; 

ip n —> ip, Aip n — y Aip and Hip n — > Hip. 
In particular, [gjft and \2.1(% hold for all ip, ip g D(A) n D(H). 

Proof. We choose 5 g Cq°(M), .9 = 1 near 0, and set <y9„ = ( n g n (H)ip, with g n (E) = g{E/n). It 
belongs to P by 12.4f> and clearly converges to <p in H. Furthermore, (H + i)( n (H + i)^ 1 converges 
strongly on Ji by (|2.7|l and this easily shows that Hip n — > _ff^5. Regarding A(^„, we write 

Ay> n = AC„(A + i)- l g n (H)(A +i)(p- AC,n{A + i)- l [g n (H), A](p 

where A( n (A + i)^ 1 converges strongly on TL by (|2.6|) and \\[A, g n (H)](f\\ < Cn _1 ||(_ff + i)</?|| since 
f\tg n (t)\dt = 0(n- 1 ). ' □ 

As a consequence of this proposition, we can define, for further use, the form [[H, A] , A] by 
([[#, A] , A]vj, ip) ■■= (Acp, i[H, A]°ip) - (i[H, A]°ip, Axjj) , <p, tp g £>(A) n D(£T). (2.16) 
Proof 0/ Proposition ^^ We first observe that, if 93 G D(A) n P>(iJ) and A > 1, then for all t 

e l * ff A(A)e- ltH (^ = A(A)ip + i f e lsH [H,A(k)]e- lsH ip ds. 

Jo 

This can be easily seen by weakly differentiating both sides with respect to t, testing them against 
an arbitrary element of D(H). This equality shows that, for any ip g TL, 

([A(A),g(H)]<p, ^) = ^J 9(t) f (e-^-^lH, A(A)} (H + l )- 1 e^ sH (H + i)<p, ^ dsdt. (2.17) 

By (I2.15|l . [H, A(A)](H+i)^ 1 is uniformly bounded, so the modulus of right hand side is dominated 
by C||-0||, for some C independent of A. In particular, if ip g D(A), 

(g(H)cp,Aip) = lim (g(H),A(-A)ip) = Hm (g(H)A(A)^) - (\g(H),A(A)]ip,ip) 

A — >oo A — >oo 

proves that \(g(H)ip, Aip)\ < C\\ip\\, with C independent of ip g D(A). This implies that g(H)ip g 
P>(A*) = D(A). Then, letting A -> 00 in l(2~T7jl clearly leads to the estimate on \\[g(H), A]ip\\ . □ 

We now quote a crucial result which is directly taken from |16| . 

Proposition 2.5. Assume that B is a bounded operator on TL. Then for any z £ R and any e £ R 
suc/i £/iai Im(z)e > 7 the operator H — z — ieB* B is a bounded isomorphism from D{H) (with the 
graph norm) onto TL. If we set 

G z {e) = {H - z - ieB* B)- 1 
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we have, provided \m(z)e > and Itci(z)eo > 0, 

G z (e) - G z (e a ) = G z {e)i(e - e )B* BG z (e ), 
G z (e)* = G g (-e), \\G z (e)\\ < \hn(*)\~\ 

in the sense of bounded operators on H. Furthermore, if B' and C are bounded operators, with C 
self-adjoint, and iflm(z)e > 0, then 

B'*B'<B*B => \\B'G z (e)C\\<\e\- 1/2 \\CG z (e)C\\ 1/2 . 

This result, which is one of the keys of the differential inequality technique of Mourre, will of 
course be used with B*B = f(H)i[H, A] f(H), but it doesn't depend on any of the assumptions 
quoted in the beginning of this section. We refer to for the proof and rather put emphasize on 
the following result. 

Proposition 2.6. Assume that all the conditions from &2.11 to $2.11\ hold and define G z (e) as 
above with B*B = f(H)i[H, A]°f(H). Then G z (e)D(A) C D(A) n D(H). 

Proof. It suffices to show that G z (e)(p belongs to D(A) for any <p € D(A). As in the proof 
of Proposition 12.31 this is implied by the fact that sup A>Ao ||[G 2 (e), A(A)]|| < oo, for A large 
enough. To prove this, we remark that 

[A(A) , G z (e)] = G z (e) [H, A(A)]G Z (e) - ieG z (e) [B*B, A(A)]G Z (e) 

where the first term of the right hand side is uniformly bounded by H2.13[l and the uniform bound- 
edness principle. We are thus left with the study of the second term for which we observe that 

([{A + iA)-\B*B]^i> 2 ) = (i[H,Aff{H)ip ll [f{H) 1 {A-iA)- 1 ]^ 2 ) + 

([(A + iA)-\ f(H)]ijji,i[H, A]°f(H)i> 2 ) + 
([(A + iA)-\i[H, A] ]/ Wi, / W2) , 

for all t/>i, V>2 6 D(H). Since A(A) = iA + A 2 (A + iA)^ 1 , multiplying this equality by A 2 allows to 
replace (A±iA)- 1 by A(±A). By (|2~T5j) and $FH\ , [f(H), A(±A)](H + ir 1 is uniformly bounded 
which reduces the proof of the proposition to the study of ([A(A), i[H, A]°]f(H)ibi, f{H)ip 2 ) . To 
that end, we note that, if ipi,ip 2 belong to D(H), then ([A(A),i[H, A]°]i(ji,ip 2 ) can be written 

A 2 (A(A + iA)- 1 ^, i[H, A} (A - iA)- 1 ^ - A 2 (i[H, A]°(A + iA)~ 1 ip 1 , A(A - iA)- 1 ^ . 

Using (|2~TUj) and Proposition EH combined with the fact that A(H + i)(A ± iAy 1 (H + iy 1 is 
uniformly bounded (see the proof of Proposition 12. 2f> . we obtain the existence of C > such that 

[^(A),^,^] ]^,^ <C\\(H + i)^\\ ^,i> 2 €D(H) 



for A 3> 1. The conclusion follows. □ 
Note that we have chosen to include this proof, thought it is essentially the one of since 
our assumptions on A are not the same as those of |16|. 
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2.2 The limiting absorption principle 

In this part, we repeat the method of differential inequalities of Mourre ^B] to get estimates on 
the boundary values of {H — z)^ 1 . Our main goal is an explicit control of the different estimates 
in terms of the parameters, namely A, H, f, A, a, S and Ch,a (see l|2.1()|l ). As we shall see, the 
following quantities will play a great role 

N [H . A] := + (2.18) 

S f £ A := (l + a- 1 !!^] /^)!!) 2 (2.19) 

A/ := (27T)- 1 f \tf(t)\ dt. (2.20) 

JR 

We assume that all the conditions from l|2.1() to (|2.11() hold and that G z (e) is defined by 
Proposition O with B* B = f(H)i[H, A]°f{H). 

As a direct consequence of Proposition 12. 51 we first get the estimate 

\\f(H)(H + i) k G z {e)w{A)\\ < (1 + |A| + iSfa- 1 ' 2 ^ 1 / 2 \\w(A)G z (e)w(A)\\ 1/2 
which holds for any bounded and real valued Borel function w. We also obtain immediately 

\\f(H)G z (e)f(H)\\<a-'\e\-\ (2.21) 
On the other hand, by the resolvent identity given in Proposition 12. 51 we see that 

G z (e)f(H)=G z (0) (f(H)-ef(H)[H,A]°f(H)G z (e)f(H)) 
where the bracket is uniformly bounded with respect to e by (j2.21|l and we obtain 

\\(H + i) k (l-f)(H)G z (e)f(H)\\< sup J=|±^ (l + a" 1 \\[H,A]°f(H)\\) , (2.22) 

|£-A|>2<5 R _ z \ 

for k = 0, 1. Here we used the fact that f(H)[H, A) has a bounded closure whose norm equals 
A]°f(H)\\. Another application of the resolvent identity also gives 

G z (e){\ - f){H) = G z (0) ((1 - f)(H) - ef{H)[H, A] f(H)G z (e)(l - f)(H)) (2.23) 

in which f(H)G z (e)(l — f)(H) can be estimated (independently of e) using (|2.22() . 
Summing up, all this leads to 

Proposition 2.7. Assume that X,S,a satisfy condition (c) of Subsection T^T\ and that 

elm z > 0, |Re z - A| < S, S <a and |e| < JoT 1 . (2.24) 
Then, for k = 0, 1 and all bounded Borel function w such that l|u>||oo < 1, we have 

\\(H + i ) k (l~f)(H)G z (e)\\ < (l + \X\ + 2S) k S- 1 {l + S f H a A ), (2.25) 
\\(H + t) k f(H)G z (s)w(A)\\ < {l + \\\ + -i5) k a- 1 l 2 \e\- 1 / 2 \\w{A)G z {e)w{A)\\ 1/2 , (2.26) 
\\w(A)G z (e)w(A)\\ < a- 1 | £ r 1 (2 + ^ A ). (2.27) 



11 



Note that the right hand side of 12.25|) is independent of e. Note that we also get estimates on 
G z (e)(l - f)(H) and w(A)G z (e)f(H) for free, by taking the adjoints, since G z (e)* = G s {—e). 

We then need to get an estimate on dG z (e)/de. To that end, we simply repeat the proof of 
Mourre |16|. observing that the algebraic manipulations are valid in our context thanks to the 
results of Subsection 12. 51 In the sense of quadratic forms on D{A), using in particular [[H, A} , A] 
defined by 1|2.16J) . we thus obtain 

= G z (e)(l-f)(H){H,A}°f(H)G z (e) + G z (e){H,A} (l-f)(H)G z (e)- 

e{G z (e)f(H)[H,A] Q [f(H),A]G z (e)+G z (e)[f(H),A][H,A] f(H)G z (e) 

+ G z (e)f(H)[[H,A]°,A]f(H)G z (e)}+G z (s)A-AG z (e). (2.28) 

Let us set F z (e) :— w(A)G z (e)w(A) . By Proposition 12. 71 (|2.28|l leads to the differential inequality 

dG z {e) 



w(A) — r^wtA) 
as 



< C 1 \\F z (e)\\+C 1/2 \e\^ 2 \\F z (e)\\ 1 / 2 + C 

+ 2||A«;(A)||(a-^| e |-V2|| Fa ( e )||i/a + 5-i(i + ^«))(2.29) 
where, by Proposition 12. 31 the constants Co, Cj/2 and C\ can be chosen as follows 

Co = 5- 2 (l + \\\ + 25)(l + S{i a A y N [H , Ah 
Ci/2 = 2a- 1 /2 (5 -i( 1 + )A | + 3S)S{j a A N [H . A] (l + 5a' 1 A f N [H>A] (l + \X\ + 36)) , 
Ci = a- 1 (l + \\\+35)(c H , A + 2A f N? HtA] (l + \\\+36)y 

The second line of l|2.29[) suggests that Aw (A) must be bounded. Of course, this holds if 
w(E) = (E)^ 1 (which was the original choice of weight in JSj) however a trick of Mourre, which 
is reproduced in JSjj allows to consider 

w(E) = (E)- s := (E)- s (eE) s -\ 1/2 < s < 1. 

It is indeed not hard to check that the following inequality holds for all e ^ and E G M. 

\e\E 2 



and this implies that 

||d(A)r/<feG*(e)<A)r^ (2-30) 

Using $FZfy . (|2~3U|) and the fact that (E)- S (E) < {e^ 1 for < |e| < 1, we get the final differential 
inequality 

\\dF z (e)/de\\ < dWF^W + C 1/2 \e\~ 1/2 \\F z (e)\\ 1/2 + C 

+ 2(2 -sM"- 1 (2 a - 1 / 2 |er 1 / 2 || J F 1 z ( e )|| 1 / 2 +,5- 1 + (2.31) 

which is valid if < |e| < 1 and if (|2.24() holds. 
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Starting from l|2.27[) and using l|2.31[) . a finite number of integrations leads to a uniform bound 
on ||F 2 (e)|| for < \e\ < min(l, <5a _1 ) and thus on ||F Z (0)||. Such estimates depend of course 
on A, H, /, a, A, S, Co, C\ji and C%, but there is no reasonable way to express this dependence in 
general. We thus rather consider a particular case in the following theorem, which lightens the 
role of a, A, 5. 

Theorem 2.8. Consider families of operators H V ,A V , of numbers X l/ ,a l/ ,5 v and of functions f v 
satisfying conditions (a),(b),(c) for all v describing some set S. Denote by Co tV ,Ci/2 tV and C\. v 
the corresponding constants defined on vaae \TB Assume that e„ := b~ v a~ x < 1 and that there exists 
C > such that, for all v G S, 

Co., < CezH-\ C 1/2 ,„ < Ce- 1 /^- 1 / 2 , C hv < Ce' 1 , \\[H U , A„]° f v (H u )\\ < (7^(2.32) 

with f v of the form f u (E) = f{{E — X v )/6 v ), for some fixed f G Cg°(R). Then, for all 1/2 < s < 1, 
there exists C s > such that, for all v G S, 

\\(A„)- S (H U - z)- 1 {A v )- s \\ < C s &-\ (2.33) 

provided |Re z — A„ < <5j,. Furthermore, for any /i G (Aj, — 5 U , X u + 8 V ), the limits 

{A V )- S {H U - t i±iO)- 1 (A u )- s := lim (A U )~ S {H V — fj,± ie)^ 1 (A u )^ s 

exist and are continuous, with respect to fi, in the operator topology. 

In practice, the conditions (|2.32|) can be checked using the explicit forms of Co, C-yji and C\ 
given on page^l We shall use this extensively in the next section. 

Proof. We only consider the case where e G (0, e„], i.e. the situation where Im z is positive, since 
the one of e G [— £„,0) is similar. By the assumption on \\[H V , A v ]° f v (H v )\\, the estimate <|2.27ll 
takes the form ||Fj(e)|| < Ca l 7 1 e _1 , thus H2.31(l implies that 

\\F z (e) -F z {e v )\\<C s (S- 1 + 8~ l \og{e u /e) + a^e*" 1 ) , V.eE, 

if 1/2 < s < 1. If s = 1, the term e s_1 must be replaced by log(e„/e) which can be absorbed by 
the second term of the bracket, for we assume that a" 1 < S^ 1 . Since H-F^e^)!! < C5" 1 , a finite 
number of iterations of Lemma 12.91 below completes the proof of (|2.33|) . For the existence of the 
boundary values of the resolvent, which are purely local, we refer to ^H] (Theorem 8.1). □ 

Lemma 2.9. Let < a < 1 and assume the existence of C such that, for all v G £ and all 

£ G (0, £„] , 

11^(011 <C(6- 1 +5; 1 \og(e„/e)+a- 1 e-°) . 
Then, there exists C SM such that, for all v G £ and all e G (0, £„] 

C 8~ x +a- 1 e s - 1 ' 2 -' y l 2 , if s - 1/2 < a/2, 
\\F z {e)\\<C s> A 5- l +8- l \og{e v /£), if s - 1/2 = a/2, 
{ S-\ if s- 1/2 > a/2. 

Proof. It simply follows from (|2.31(l and the fact that 1 1^(6^)1 1 < C5~ x , by studying separately 
the three cases and using the trivial inequality 

(S' 1 + 5^\og{e v /e) +aZ 1 e~°) 1 ' 2 < S^ 2 + S^ 2 log 1 ' 2 ^) + a" 1 /^-^ 
to control the terms involving jF^e)!) 1 / 2 . □ 
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3 Applications to asymptotically hyperbolic manifolds 





3.1 The conjugate operator 

In this part, we recall the construction of the conjugate operator defined by Froese-Hislop in [3]. 
We emphasize that the main ideas, namely the form of the conjugate operator and the existence 
of a positive commutator estimate, are taken from [Hj. However, since some of our assumptions 
(especially (a), (b) in subsection l2.1|) differ from those of [Hj and since we need to control estimates 
with respect to the spectral parameter, we will give a rather detailed construction. 
Let £ C°°(R) be non negative and non decreasing functions such that 

i{r) = 

By possibly replacing x an( i £ by \ 2 an d £ 2 , we may assume that x 1 ^ 2 an d S, 1 ^ 2 are smooth. 
For R > r and S > R, we set XR.{ r ) = xi r /R) an d is( r ) — £( r /S)- Then, recalling that 
(/^fc)fc>o = spec(A/i) and setting i>k = (1 + /ifc) 1 / 2 , we define the sequence of smooth functions 

cife(r) = (r + 25 - log Vk)xn(r)£s{r - log^t)- 
They are real valued and it is easy to check that their derivatives satisfy, for all j > 1 and k £ N, 

Ho^Hoo < CjS 1 -^ |kai J+1) ||oo < Cj, (3.1) 

uniformly with respect to R > S > rg. Further on, R and S will depend on the large spectral 
parameter A but till then we won't mention the dependence of a& (nor of the related objects) on 
R,S. 

According to the results recalled in Appendix lAl there exists, for each fc, a strongly continuous 
unitary group e ltAk on L 2 (R) whose self-adjoint generator Ak is 

A k = a k D r - ia' k /2, (3.2) 

i.e. a self-adjoint realization of the r.h.s. Furthermore, we can consider e ltAk as a group on L 2 (I), 
since e ltAk acts as the identity on functions supported in (— oo, R) hence maps functions supported 
in / into functions supported in / (see Appendix 0). Therefore, using the notation 11.6(1 for ipk, 
the linear map 

pH-f^V*^*®^ (3-3) 

fc>0 

clearly defines a strongly continuous unitary group on L 2 (I) ® L 2 (Y, dVolh) ■ The pull back on 
L 2 (M \ fC) of the operator (|3.3|l . extended as the identity on L 2 (IC), is also a strongly continuous 
unitary group on L 2 {M) which we denote by U{t). (Here again we omit the R, S dependence in 
the notation). Using Stone's Theorem [T§|, we can state the 

Definition 3.1. We call A the self-adjoint generator ofU(t). In particular, its domain is 
D(A) = {ip 6 L 2 (M) | U(t)ip is strongly differentiable at t = 0}, 
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d Aip = i- l dU(t)tp/dt\ t=0 for all ip e D(A). 
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Remark. Note that this definition clearly implies that L 2 (K.) C D(A) and that Ai^r^ = 0. 

Now we choose a sequence of functions ( n G C£°(Ai) such that ( n — > 1 strongly on L 2 (.M). 
More precisely, we choose of the form £„ = £(2~™r) for some ( 6 C^R) such that £ = 1 on a 
large enough compact set (containing 0) to ensure that f„ = 1 near /C. 

Proposition 3.2. For all n, C, n D(A) C 

ii) For all ip G D(A), AQ n ip — > Aip as n — > oo. 

mj C^(A^) is a core /or A and AC^(M) C C °°(.M). 

Proof. In view of the remark above, we only have to consider ip G L 2 (M. \ IC) (i.e. supported in 
Ai\JC). Furthermore, to simplify the notations, we shall denote indifferently by ip an element of 
L 2 (M \ K) and the corresponding element in L 2 (I) ® L 2 (Y, dVohj) via 
Let us first observe that, for all such ip, (p., Parseval's identity yields 

\\(u(t)<p ~ /it - <p\ i 2 = 1 1 (e itAk <fk - 1^ - <Pk\ r • 

k 

Thus, by dominated convergence, this easily implies that <p € I?(j4) if and only if ^ G -D(^4/c) for all 
k and ||^4fc^fc|| 2 < cxd, in which case (Aip)k = Akfk for all k. Combining this characterization 
with i|A.3|) . and using the fact that (akC n )( r ) = 2~™afc(r)£'(2~"r) is uniformly bounded with 
respect to k,n G N on /, which is due to the fact that ak(r)/r is bounded with respect r and k, 
we get i). This also shows that 

\\A( ni p-CnA<p\\ 2 =J2\\ a kt'nVkW 2 
k 

where the right hand side goes to as n — > oo by dominated convergence, and hence implies ii). 
We now prove Hi). Since A<y3 = for any function supported outside l~ 1 ([R, oo) x Y), and since 
any element of D(A) can be approached by compactly supported ones by ii), it is clearly enough 
to show that for any <p G D(A), compactly supported in L~ l {[R', oo) x Y) with r < R' < R, and 
any e > small enough, there exists ip e G Cq°(M \ JC) such that \\cp — ip £ \\ + \\A<p ~ Ap e || < e. 
Using the function 9 f defined in Appendix EI we set 

k 

It is clearly compactly supported in / x Y if e is small enough and smooth since fl^Aly' G L 2 for 
all j, I G N. Then, by Parseval's identity, we have ip e — > <p> and using (|A.9|I we also have Aip e — > A<£>. 
For the last statement, we first observe that, if is compactly supported, so is Aip. We are thus 
left with the regularity for which we observe that [d-j,, A k ] = J2 m <j bk,m{r)d™ , with bk, m uniformly 
bounded by (|3.1() . and hence 

\\^{A k ip k \\ < HAfe^A^fcll+C^IK^A^II G Z 2 (N fe ) 

m<j 

yields the result. □ 

Note that the choice of Cg'(Ad) is dictated by the following proposition. 
Proposition 3.3. For all n G N , z spec(H) and g G Cq°(M), we have 

UH - z)- x C%(M) G C%(M), ( n g(H)L 2 (M) C Cf(M). 
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Proof. This is a direct consequence of standard elliptic regularity results (see for instance |71 112]'). 
taking into account the fact that Cn — 1 near dM. (if non empty). □ 

We now consider the calculations of [H, A] and [[H, A], A]. Note that these commutators make 
perfectly sense on Cg(M) by Propositions E21 and the fact that Cg(M) C D(H). 
We first consider the "free parts", i.e. the commutators involving H defined by 

Proposition 3.4. There exists C such that for all R > S > ro + 1 and all ip G C^{M). 

\\[H ,A]<p\\ + \\[[H ,A],AM<C\\(H + i) V \\. (3.4) 

Proof. Similarly to the proof of Proposition we identify L 2 (M \ K) and L 2 (I) ® L 2 (Y, dVol h ) 
for notational simplicity. Straightforward calculations show that 

i[H ,A]tp = { 2a 'k D r + 2a ^ e ~ 2r -2a^ r -4 3) /2)^®^, (3.5) 

fe>0 

[[H ,A],A]<p = (b k D 2 r + c k D r + d k ) (f k ® V*i ( 3 - 6 ) 

fe>0 

where the functions b k (r), Ck(r),dk{r) are given by 

bk = ^{aka'k - 2a' k 2 ), c k = 5ia' k a' k ' - ia k a k 3 \ 
d k = 2a k (i k e~ 2r (a k - 2a k ) + a' k a k 3) - (a k a k 4) - a k 2 )/2. 

One easily checks that a k fi k e~ 2r and a k /j, k e~ 2r are uniformly bounded with respect to k G N and 
i? > 5 > ro + 1, thus, using (|3.1II . the result is direct consequence of the following lemma. □ 

Lemma 3.5. For all differential operator P with coefficients supported in M. \ K, such that 

**P*,= J2 c 3 Ar,y)(e- r D y fDt 

i+l/3|<2 

with Cj.p bounded on I xUq for all Uq (= U (with the notations of page\^jj , there exists C such that 

||iV||<c||(fr + iMI, v v eD(H). 

Proof. It is a direct application of Lemma 1.3 of [Hj- □ 

We will now give a pseudo-differential approximation of A which will be useful both for com- 
puting the "perturbed parts" [A, V], [A, [A, V}] and for the proof of Theorem 1 1.31 

Following H2], we say that, for m G R, g € S"™(R^ x R* 2 ) if \d^g(x,q)\ < C a ^) m -^, 
for all a, (3. If g G 5 f °(IR r x R M ) is supported in I X R, we clearly define a bounded operator on 
L 2 (I x Y) by 

g(r, A h )ip = Y 9(r, Mfc Vfc ® i'k- 

k>0 

Abusing the notation for convenience, we still denote by g(r, Ah) the pullback of this operator on 
L 2 (M \ K), extended by on L 2 (K). If 6 G C°°(Y), we also denote by 6 (instead of 1 ® 6) its 
natural extension to I x Y which is independent of r. Our pseudo-differential approximation of A 
will mainly follow from the following result. 
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Proposition 3.6. Let g <E 5°(M r x K M ) be supported in I x Y . For all coordinate patch Uy C Y. 
all 9, 9 £ Chilly) such that 9 = 1 near the support of 9 and all N large enough, there exists 
g N G S°(M.™ y x R™- 1 ) and an operator 11% : L 2 (M) -> L 2 {M) such that 



where 



9g(r,A h ) = G e N +K 6 N 
G% = (Nt*6){y)g N (r,y,Dy)(y*6)(y)) §* (with the notation fTQ) 



and 



(3.7) 

(3.8) 
(3.9) 



A? h [D r ,K%]A k hV <C/,*|M|, 
for all j,k < N. If ph is the principal symbol of Ah, we actually have 

9N(r,y,v) = g(r,p h (y,v)) + ^ d il(Vi r )) a i9(r,Ph(v,v)) 

1<3<3N i 

where dji are polynomials of degree 2j — I in t], obtained as universal sums of products of the full 
symbol of Ah in coordinates (y,r/). 

More generally, if (<7a)aeA is a bounded family in 5°(R r x R M ) with support in I X R, the asso- 
ciated family (g\,N)\eA is bounded in S° and the constant Cj t k in can be chosen independent 
o/AeA. 

The proof is given in Appendix iBl Note that, strictly speaking, this proposition is not a direct 
consequence of the standard functional calculus for elliptic pseudo-differential operators on closed 
manifolds |22| since g depends on the extra variable r. However, the proof follows from minor 
adaptations of the techniques of jlll I22| . 

Remark 1. The operators g(r, Ah) and G S N commute with operators of multiplication by functions 
of r, hence so does TZ N . 

Remark 2. In 1)3.80 . we have abused the notation by identifying Aft, which acts on functions on 
y, with its natural extension acting on functions on A4 which are supported in M. \ fC. 

The previous proposition is motivated by the fact that we can write 

A = g RtS (r, A h )rD r + g R , s (r, A h ). (3.10) 
with functions gn,s and g^s belonging to S°(R r x R M ) as explained by the following lemma. 

Lemma 3.7. There exist two families g_R,s,/ii?,s G 5°(R r x R p ), bounded for R > S > ro + 1, 
supported in r > R and such that 

9R,s{r, Hk) = a k (r)/r, gn,s(r, /Ufc) = a' k (r)/2i 



for all fc > 0. 
Proof. With 7 S C c 



fj) such that 7 = 1 on R + and supp 7 6 [—1/2, 00), we may choose 

1 



.'//,'. s( /■■/') = - !//)\ /,■(/■) j 1 + 2- - ^-logl I. + /•<) ) i.s j r - I lORl I. + //) 



r 2r 

It is easily seen to belong to <S°(R 2 ) and the boundedness with respect to R, S follows from 

V 1 

Cjkb-T*' I 

i<fe<j v 



d^s (r-\ log(l + ri) = CikS- k ^ 



S 2S 



log(l + /i) )(l + fx)- j , 
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the fact that -5/2 <r~\ log(l + n) < r + log 2 1 / 2 on the support of j(fj)£s(r ~ \ log(l + //)) and 
the fact that S/r is bounded on the support of xn( r )- Then, we may choose g^s — 9r,S + r d r gR,s 
since one checks similarly that rd r gn t s is bounded in S°. □ 

We are now ready to study the contribution of the perturbation V for the commutators. 
Proposition 3.8. There exists C > such that, for all R > S > ro and all cp G C§{M) 

\\(ry[A,VM < CR^WiH + iM, j = 0,1, (3.11) 
\\{A,[A,V]M < C\\(H + i)<p\\. (3.12) 

Proof. Dropping the subscripts R, S on g and g, we have 

A = g(r, A h )rD r + g(r, A h ) = (G N + K N ) rD r + G N +K N 

with Gn — ^2 1 G N and IZn — 1Z N associated to g by mean of proposition ^. 61 and of a partition 
of unit J2i ft = 1 on Y. Of course, Gn and IZn are similarly associated to g. Note that g(r, Ah) 
and Gat map C^{M) into C X (M \ IC) and thus so does TZn- Therefore, on C§{M), we have 

[A, V] = ([G Nl V] + [K N , V]) rD r + g(r, A h )[rD r , V] + [G N ,V] + [K N , V]. 

We study the terms one by one. Note first that [G N ,V]rD r = r{r)^ 2 [G N , (r) 2 V]D r . If is 
associated to a coordinate chart defined in a neighborhood of supp 9i by l|1.4f) . we have 

^[G N ,(r) 2 V]^u= £ qp(r,y,D y )(e- r D y f 

I/3|<1 

with qp G S° which depends, in a bounded way, on R > S > ro and is supported in r > R. This 
follows by standard pseudo-differential calculus and thus, by Lemma 13.51 we have 

\\(r) j [G N) V]rD r <p\\ < CR^WiH + i)<p\\, ^eC^(M) 

with C independent of R > S > ro. Similarly, we get the same estimate for [IZn ,V]rD r since 
(r) 2 [lZ]\[, V] is a bounded operator, uniformly with respect to R > S > ro, with range supported 
in r > R. The same holds for [Gn, V] and [IZn, V]. Finally, (r)[V, rD r ] is an operator of the form 
considered in Lemma 15*31 whereas \\(r)~ 1 g(r, Ah)\\ < CR~ X , so (|3.11|l follows. 

We now consider [A, [A,V]]. We only study [g(r, Ah)rD r , [g(r, A y )rD r , V]], since the other 
terms can be studied similarly and involve less powers of rD r . This double commutator reads 

[g(r, A h ), [g(r, A y )rD r , V}} rD r + g(r, A h ) [rD r , [g(r, A y )rD r , V}} = 

[G N , [G N rD r , V}} rD r + G N [rD r> [G N rD r , V}} + I N D 2 r + J N D r + K N (3.13) 

where In, Jn, Kn are bounded operator on L 2 (A4), uniformly with respect to R > S > ro+1. This 
clearly follows from Proposition ^. 61 and the fact that l£g>(A/ l + l) - '? (r 2 V)l®(Ah + l)~ k is bounded 
if j + k > 1. Precisely, 1 ® (A^ + 1) _1 is actually defined on L 2 (I ® Y) but, here, it is identified 
with its pullback on L 2 (M \ K). By Lemma 1331 \\(I N D 2 + J N D r + K N )cp\\ < C\\(H + i)<p\\. On 
the other hand, for all 9i x and 9i 2 associated with overlapping coordinate patches, we have 

rD r * h .= qp(r,y,D y )(e- r D y fD h r 

|/3| + fe<2 



*J fif 1 1*^ 



n rD r ,V] 
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with qp bounded in S° for R > S > r$. This follows again from the usual composition rules of 
pseudo-differential operators and it clearly implies that 

\\[G N ,[G N rD r ,V]]rDM\<C\\{H + i)y\\, <peCW(M), 

with C independent of R, S. Similarly, the same holds for Gm [rD r , [GNrD r ,V]] and the result 
follows. □ 

We conclude this subsection with the following proposition which summarizes what we know 
so far on A and H . 

Proposition 3.9. With V — C^{M), all the conditions from \2.1\ to hold. Furthermore, 

in , Ch,a can be chosen independently of R > S > ro + 1 . 

Proof. Using Lemma [3.51 it is clear that [H, £ n ] — ¥ strongly on D(H) as n — > oo. Therefore, 
all the conditions from 1|2.1|) to l|2.7|l are fulfilled. In particular, C B °(A4) is a core for H, hence 
Propositions 13.41 and 13.81 yield the existence of [H, A}°, and thus l|2.9fl and (|2.1U|I hold. It only 
remains to prove l|2.8[l . Assume for a while that, for all ip,i[> <E Cg'(A4), 

((H - z)-V,^) - (A<p,(H - *TV) - {{H - z)- l [H,A]\H - z)- x ip,i>) . (3.14) 
Then this holds for all ip, ip E D(A). Since (H - A]°(H - z)- 1 is bounded, (|3~T4) yields 

|((JT-*)-V,AV0| <c(ll^ll + IMDIMI, 

which shows that (H - z)~ l ip £ D(A*) = D(A) for all ip e D(A) and hence (|2~%|) . Let us 
show (|3~T4) . By J22J), the right hand side of ^Tg{ can be written as the limit, as n — > oo, of 
([H, A]C„(H - z)~V, Cn(H - z)- 1 ^) i.e. the limit of 

(C n (H - z)-\, A( n ip + A[H, ( n ](H - z)- V) - (Apnif + A[H, Cn](H - z)~ V, Cn(ff - • 

By Lemmal3~5land the fact that 2-"rC'(2- r V) -> 0, it is clear that A[iT, C„](-ff-^)~V -> 0. 

The same holds for ip of course and thus ([H, A]C, n (H — z) -1 <^, C, n {H — z)^ 1 ^) converges to the left 
hand side of (|3.14|1 . This completes the proof. □ 

3.2 Positive commutator estimate 

This subsection is devoted to the proof of a positive commutator estimate of the form H2.11JI at 
large energies A (with control on S with respect to A). 

We start with some notation. Let 'B.r^s be the pullback on L 2 (A4 \fC) (extended by on L 2 (IC)) 
of the operator defined on L 2 (I x Y) by 

<P ^^2x)l 2 {r)(l ~ ^ s /2 )(r - logv k )ip k ®ip k 

k>0 

with the notation (|1 . f>|> . We also set S^g = Xr 2 — ^R,S- Similarly, E' RS ,E RS are the operators 
respectively defined by d r \XR 2 {r){l - ^ s /2 )(r - logv k ) \ and d 2 (xt/VX 1 - ^ s /2 )(r - logi/ fc )) . 

Proposition 3.10. There exists C such that, for all A » 1, all F £ Cq°([0, 2A], [0, 1]) and all 

R > S > ro + 1, one has 

F(H)i[H, A]°F(H) - 2HF(H) 2 > 

-CX (WFiHW-'W + \\F(H)( XR - 1)|| + \\F(H)(l S% s )\\ + S' 1 + A" 1 ) .(3.15) 
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Proof. We first note that the right hand side of l|3.5|) is nothing but 2D r a' k D r + 2afc/^e 2r — a^ 3 -* /2. 
Since a' k (r) > xn(r)£s(r ~ logz/ fc ) and a k (r) > Sxii(r)ts{r ~ logi^fc), we get 

i[H , A] > 2D R E 2 RS D R + 2E R . s e~ 2r A h E R . s - CS~ 2 . 

This estimates, as well as the following, holds when tested against elements of V = C^(M). For 
any a € C°°(R), one has D r a 2 D r — aD 2 a + aa" , so the above inequality yields 

i[H , A] > 2E R , S H E R>S - (n - l) 2 H|, s /4 - CS~ 2 , 

for R > S > r + 1 . We then write 

E R ,sH E R ^s — H o + (xr - l)H + (1 - E 2 R S )H — E' RS E R ^sd r — E Rt sE R s 

and this implies that, on D(H), i[H, A] > 2H + Q Ri s — C with C independent of R, S and 

Q R ,s = i[V, A]°-V+ (xr - l)H + (1 - E% S )H - Z R , s Z R , s d r - ^r <S ^r,s, 

where [V,A]° is the closure of [V,A] (defined on Cf{M)) on D(H) . Then, using Lemma 
we have \ \H F(H)\\ + \\x R /2 d r F{H)\\ + \\{r) 2 VF(H)\ \ < CA, and using Proposition EBJ the result 
follows. □ 

Note that, if F is supported close enough to A, 2HF(H) 2 > i\F 2 {H)/2 and thus we will get 
(|2.11() by making the bracket of the right hand side of l|3.15[) small enough. 

Using the technique of we are able to estimate \\F(H)(1 — E 2 R for suitable F. Let us 
recall the proof of this fact. For R > S > ro + 1, a direct calculation yields 



"??„s-^o + HqE r s — 2E RtS H ^ R ^ s - 2 (E' Ri 



On the other hand, e ^kXR( r ) > e — e H on the support of XR{ r )£s( r — log^fe) so we also 
have E RS H E RS > (e s 



E R s , and we obtain 



Sis (r(H - A) - z) + (t(H — X) — z) E% s > 2r I e 



T J 



for all real r 7^ 0, z £ C and Ael. Testing this inequality against (t(Hq — A) — z) -0, we get 
2 (>, (t(H q - A) - z)- 1 V>) + 2r | |s^ s (r(H - A) - z)" 1 V 



> 2r e 



A 



Rez ^ 



Hfl,s (r(ff - A) - ^ 



and this clearly implies, provided e 5 — e 2fi - — A — Rez/r > 0, r > and R > S > ro + 1, that 

l/o _o D . RezV 172 /^ llmzl 1 / 2 ' 



3«,s (r(H - A) - z)- 



< 



\lmz\ 



e s - e- 2R - A 



t y 



,5' 



-1/2 



(3.16) 



This estimate is essentially taken from jS] and is the main tool of the proof of 
Proposition 3.11. Let F a G Cq°([— 1, 1],K) such that < F a < 1. T/iere erriste C sucft i/iai, wit/i 

i? = log5A, S' = log4A, r = A" 1 , 

> (A-^Ef - 1) (1 - E% s ) KCX-^QogX)- 1 , A»l. 
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Proof. We shall use Helffcr-Sjostrand formula (see for instance 8 ) , i.e. 



F (r(H - A)) = — 



dFo(u + iv) (t(Hq — A) — u — iv) dudv, 



where d = d u + id v , F e Cq°(C) is such that ^ |r = F and dF = Odwl 00 ) near v = 0. As a 
direct consequence of (|3.16|) with i? = log'5A, 5 = log4A, r = A -1 , and assuming that |Rez| < 2 
on the support of Fq, Helffcr-Sjostrand formula gives 

F (A- X ff - 1) (1 - §|,s) ^C^A-^logA)- 1 , A»l. 

We are thus left with the study of || (F (A" 1 //" - l) - F (A^ 1 ^ - l)) (^-^r,s)\\ or > equivalently, 
with ||(1 - H| s ) (F (A _1 # - l) - F (A _1 -ff - l)) II- Using the resolvent identity 



[X H - 1 - 



- (X~ l H Q - 1 - z) = (\- l H - 1 - z) \~ V (A _1 ir - 1 - z) 



and the fact that V is H bounded with relative bound < 1, which implies that, for some C inde- 



pendent of A > 1 and z E supp F , ||A X V (A 1 H - 1 - z) 
of Helffcr-Sjostrand formula implies that 



< C|Imz| , another application 



(1 - E% s ) (F (X-'H -1)-F (X^Hq - l)) < (^-^(log A)" 1 , A » 1. 



The result follows. 



□ 



We can now explain how to get an estimate of the form (|2.11l) . For any fixed < e < 1, 
one can clearly choose Fa G C^°(M,R) as above such that for all F\ G C^°(M,R) supported in 
[(1 - e)A, (1 + e)A], we have F X {E) = F gjX ^E - 1)F X {E) for all £el. Thus, for all such F 1 
satisfying < F\ < 1, Propositions 13. 1()1 and 13. ill imply that, for A > 1, 

F\(H)i[H, A]°Fi(H) > (2 - 2e)XF 1 (H) 2 - 

CX (HF^iJ)^- 1 !! + \\F X {H){ XR - 1)|| + (logA)" 1 ) , (3.17) 

if R = log5A and S = log4A. Then, if we assume that there exists < sq < 1 such that 

\\(r)- s °(H-X±iO)(r)- s °\\ < g(X), A » 1, (3.18) 

with g(X) > X /C, we can choose F± in view of Lemma 11.41 Indeed, \R — 1 is supported in 
|r| < C log A, so we have \\F x {H){xr - 1)|| < C||Fi(iJ)(r)- s » ||(logA) s «, and thus i^T7T> reads 

F\(H)i[H, A]°Fx(H) > ^XF^H) 2 - CX ((log A) s ° \ IF^H)^)-*" \\ + (logA)" 1 ) . 

Hence, if F\ supported in [A - cg(A) _1 (log A)~ 2s °, A + cg(X)^ 1 (log A)~ 2s °] with c > small enough 
(independent of A), Lemma Tl .41 clearly shows that 

F 1 (H)i[H,A]°F 1 (H) > (2~2e)XF 1 (H) 2 - A/2, A > 1. 

Note that the condition [A - cp(A)~ 1 (logA)~ 2;i0 , A + cp(A) -1 (log A) _2s °] C [(1 - e)A, (1 + e)A] is 
ensured, for A 3> 1 , by the fact that g(X) > A _1 /C. All this easily leads to the 
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Theorem 3.12. Let A x be the operator given in Definition ^. 1\ with R = log(5A) and S = log(4A). 
Assume that \S. holds for some < sq < 1 and g(X) > A _1 /C and let 

h(E) = / (^) , S x = (logA)- 2s V(A)-VC, 

with f E Co°(R, [0,1]), supported in [—3,3] and f = 1 on [—2,2]. Then, for C large enough, we 
have 

fx(H)i[H, A x ]°f x (H) > Xfx(H) 2 , A » 1. 



4 Proofs of the main results 
4.1 Proof of Theorem 11.11 

By Proposition 13 .91 and Thcorcm l3.12l we arc in position to use Theorem 12 .81 Here the parameter 
v is A and we consider 

H V = H, A, = A X /X 1 / 2 , a^X 1 ' 2 , 8 v = Oog\)- 2ao Q[X)- 1 /C, 

with C large enough, independent of A. Assuming that g{X) > A _1 / 2 /C ensures that 8 v a~ x < 1. 
Using the forms of Co, Cin, C% given on page^J it is easy to check that 

Com < Ca. v b~ , 

Furthermore, it is clear that, with /„ = f\, we have \\[H V , A v ]f v (Hi,)\\ < Ca v , so Theorem 12.81 
yields 

\(A x /X 1/2 )- s (H - X±iO)- 1 (A x /X 1 / 2 )- s \\ <^(A)- X (log A) 2s °, A » 1. 
Then, by writing 

(H - z)- 1 = (h - zy 1 + { z - z)(h - zy 2 + (z - z) 2 (h - zy\H - z)-\h - zy 1 

with Z = X + iX 1 ! 2 , z — X ± is and letting e — > 0, Theorem 11.11 will be a consequence of the 
following lemma. 

Lemma 4.1. There exists C s > suc/i £/ia£ 

WL.(F-A-iA 1 / a )- 1 (^A/A 1/2 )v||<C , «A- 1 / 2 (logA)"|M|, ¥> G D{A X ), X » 1. 

Proof. We follow |18l . i.e. argue by complex interpolation. We only have to consider the case s = 1 
and thus study X^ x / 2 W-i{H — A — iA 1 / 2 ) -1 ^ which we can write, on D(A\), as 

X- l ' 2 W- X A x {H - A - iA 1 / 2 )- 1 - \-V*W-i{H - A - iA 1 / 2 )" 1 ^, A A ]°(# - A - iX 1 ' 2 )- 1 . 

The second term is C(A -1 / 2 ) since [H,A X ]°(H + i)~ x is uniformly bounded by Propositions 13.41 
and 1331 and \\(H + i)(H - A - iX 1/2 y 1 \\ = C(A -1 / 2 ). For the first term, it is easy to check that 
\\Xr +iD r {H — A — iA 1 / 2 ) -1 !! < C, using Proposition 13. 51 and thus 



x-^w^mh-x-iX 1 / 2 )- 1 



< CX~ 1/2 sup 

fe>0, r>R 



1 



(r + 2S- log Vk)xii(r)£s{r - log^fc) 
w(r - logt-fe) 



with i? = log(5A) and S — log(4A). It is not hard to check that the supremum is dominated by 
Clog A and the result follows. □ 



22 



4.2 Proof of Theorem fOl 

We first prove that w(r — log (77)) is a temperate weight, i.e. satisfies (|4.1|l below. 
Lemma 4.2. There exist C, M > such that, for all r, ri gl and all 77, 771 £ 

w(r - log(»?)) < Ciu(ri - log(i7i)) (1 + |r - r x | + |?? - m\) M • ( 4 -l) 
Proof. By Taylor's formula, u>(ir) = w(xi) + f Q w'(x\ + t(x — xi))dt(a; — xi) and since 

w'{xi + t(x - xi)) < Ci < C 2 w(xi) 

for all x, x\ € M and £ £ [0, 1], we have w(x) < Cw(xi)(l + \x — x\\). The result then easily follows 
from the fact that | log(?7} - log(r?i)| < C(l + \r\ - 771 1). □ 

As a consequence, for all set, [w(r — \og(rj))) s is also a temperate weight. Hence, by well 
known pseudo-differential calculus ^2] on ^ n 1 f° r all a G and 6 G «S(w s ) 

a(r, D r , £>„)6(r, y, D y ) = c(r, y, D ri D y ) (4.2) 

for some c G <S(u>o) (depending continuously on a and 6). In particular, by the Calderon- 
Vaillancourt theorem, c(r,y 7 D r , D y ) is a bounded operator on L 2 . More generally, if a and b 
describe respectively bounded subsets of S(w- S ) and S(w s ), then c(r, 27, D r , D y ) describe a bounded 
subset of the space of bounded operators on L 2 (the norm of c(r,y, D r , D y ) depends on finitely 
many semi-norms of c in S(wq)). Similarly, if a G 5(w_ s ), then 

a(r, 77, D r , D y )* = a*(r, y, D r , D y ) (4.3) 

for some a& G S{w- S ) depending continuously on a. 

For s > 0, we introduce W s as the inverse (unbounded if s ^ 0) of W- s , i.e. W s = 1 on L 2 (JC) 
and is defined on i 2 ( .M \ /C) as the pullback of the operator W s defined on L 2 (I x Y) by 

(W s y>)(r,w) = ^2 wS ( r ~ logy/(n k ))tp k (r)ip k (u). 

fc>0 

It is clearly well defined on the dense subspace of functions with fast decay with respect to r. 
Then, Theorem II .31 will clearly follow from the fact that W s K,Op{a)k and nOp{a)kW s , defined on 
C^°(A4), have bounded closures on L 2 {M). We only consider W- s KOp(a)k, the other case follows 
by adjunction, using (|4.3|l . 

We will use a complex interpolation argument and thus we will need to consider w s +io-(r, rf) := 
(w(r — log(r/))) s+t<T for s, a G R (note that w s+ i a G S(w s )). Since any a G S(w- S ) can be written 
w^ s a for some a G S(wo), it is clearly enough to show that, for all 6 G S(wo), there exists C > 
and AT > such that 

\\WiKOp{ W - 1+ia b)k^\\ < C(l + M^IMI, V y> G C~(«M), V a G R, (4.4) 

and that, for all <p G C^°(.M), there exists C v such that 

\\W s KOp(w^ s+itr b)Kip\\ <C v (l + \a\) N , VctgK, VsG [0,1]. (4.5) 

Observing that ^(r) -1 is bounded, this last estimate clearly follows from the fact that one can 
write 

W s nOp{w^ s+ia b)k = Ws^y 1 {(r)K,Op{w- s+ia b)k{ry 1 ) (r) 



23 



and the fact that \\(r)KOp(w^ s+ i a b)R{r)~ 1 \\ < C(l + |<r|) , by the Calderon-Vaillancourt theorem. 

We thus have to focus on 14.411 which we shall prove by using a pseudo-differential approximation 
of W\. To that end we observe that, if £ is defined as in the beginning of Section |3| then 

w(r - log(M) 1 / 2 ) = (r - log( Ai ) 1 / 2 )e(r - log^) 1 / 2 ) + c(r, M ) 

with c e L°°(M. r x Rp). Thus, by choosing \ = x( r ) supported in (ro + 2, oo) such that \ = 1 near 
infinity, it is easy to check that, with the notations used in Proposition 13. 61 

Wi = (r - log(A ft ) 1 / 2 ) X (r)^(r - \og(A h )^ 2 ) + B 

for some bounded operator B. Since \KOp(w- s +i a b)K\ \ < C(l + oi)^ the contribution of B to 
(|4.4|l is clear. It remains to prove the following 

Proposition 4.3. For all b € S(wo), there exist C > and N > such that, fopr all a £ M., 
| (r - log(A, l ) 1 /2) x ( r ) f ( r _ log^} 1 / 2 )^^^^ 

Proof. Observe first that (r — \og{Ah) 1 ^ 2 )nOp{w^i + i a b)k reads 

K Qj((r - logiph^w^+^k + Bfj (4.6) 

for some bounded operator B a with norm bounded by C(l + \a\) N . This follows from the Calderon- 
Vaillancourt theorem and the pseudo-differential expansion of log(Aft,} 1 / 2 given by Proposition ^. 61 
We next insert the partition of unit 

1 = £(r - log^) 1 / 2 ) + (1 - 0(r - log(^) 1/2 ) 

in front of the symbol of the first term of l|4.6|l . Since (r — \og{ph} 1 ^ 2 ) X £(r — log^h) 1 / 2 ) x u^i+io- 
belongs to S(wo), the contribution of this term is clear. Thus we are left with the study of 

X (r)£(r - logiA^nOp ((r - log(^) 1 / 2 )(l - £)(r - log^,} 1 / 2 )^^) R. (4.7) 

We observe that 

nx(r- log(p, i ) 1 / 2 )(l - 0(r - log(p h y/ 2 )w- 1+i(T G S £ 

for all e > 0, since r < log^h} 1 / 2 + C on the support of this symbol. Then, by using the pseudo- 
differential expansion of £(r — \og{Ai l } 1 ^ 2 ), we see that l|4.7[) reads 

X {r)nOp ((r - log(p h ) 1/2 )(l - £)(r - log^) 1 / 2 )^ - logip^w^+^b) k + B a 

with Bo- similar to B a . The symbol of the first term belongs to S(wq) since r — log^) 1 / 2 must 
be bounded on its support and the Calderon-Vaillancourt theorem completes the proof. □ 

A Operators on the real line 

If we consider a function a £ C 00 (M,M), with a' bounded, then the flow -f t , i-e. the solution to 

It = a(lt), To W = r , (A- 1 ) 



<c(i + H) 
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is well defined on R t x R r . For each t, 7* is a C°° diffeomorphism on R and it is easy to check that 

U t ip := (dr7t) V V ° It (A.2) 

defines a strongly continuous unitary group (Ut)teR on L 2 (R) whose generator, i.e. the operator 
A such that Ut — e ttA for all t, is a selfadjoint realization of the differential operator 

a(r)D r + D r a(r) _ a'(r) 
2 " fllrJWr+ 2z ' 

meaning that, restricted to C^°(R), A acts as the operator above. Indeed, according to Stone's 
Theorem ^!5], the domain of A, D(A), is the set of (p E L 2 (R) such that Utip is strongly differentiable 
at t = 0, thus it clearly contains Cg°(R), which is moreover invariant by Up This also easily implies 
that A acts on elements of its domain in the distributions sense. 

It is worth noticing as well that, if, for some R, a(r) — for r < R, then 74 (r) = r for r < R 
and thus Ut acts as the identity on L 2 (— 00, R). Moreover, if £ E Co(R) and ip E D(A), then 
C<y9 E -D(^4) since UtiCp 3 ) — C ItUtP is easily seen to be strongly differentiable at t = and we 
have 

A(£ip) = (A<p - iat'ip. (A.3) 

Of course, it is not hard to deduce from this property that the subspace of D(A) consisting of 
compactly supported elements is dense in D(A) for the graph norm. 

We want to show that C£°(R) is also a core for A and thus consider 9 e (r) = e~ 1 9(r/e) with 
9 E C^(— 1, 1) such that L 9 = 1. A simple calculation shows that 

Ut(<p*6 e ) = K tte U t <p 

where K t , e is the operator with kernel 

KtAry) = (drlt(r)) 1/2 (drlt(r')) 1/2 9 t { lt (r)- lt {r')). 

Note that this operator is bounded on L 2 (M.) in view of the following well known Schur's Lemma 
which we recall since we will use it extensively. 

Lemma A.l (Schur). Ifj(x,y) is a measurable function on R 2d such that 

ess-sup / |j(ir,y)| da; < C, ess-sup / \j(x,y)\ dy < C 
yes. J xeRJ 

then the operator J with kernel j is bounded on L 2 (M. d ) and \ \J\ \ < C. 
Since K^^ip = ip * # £ , we have 

U t (ip * 9 e ) - ip * 9 ( (U t ip-p\ K tt e-K 0t e 



v it ^ {Ut ^ (A ' 4) 

In order to estimate the right hand side, we start with a few remarks. Note first that we have 

IMoo < e " Q 'll-l*', \\drdatWoo < Ho'lUell '!!-!*!. (A.5) 

The first estimate is obtained by applying d r to (| A. 1|) and using GronwalPs lemma. The second 
one then follows from the first one. This implies in particular the existence of some io, depending 
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only on ||a'||oo, such that \\d r jt — l||oo < 1/2 for \t\ < to- Differentiating l|A.l|) twice with respect 
to r yields dfd r j t — a(7t)a"(7t)^7t + a'{jt) 2 d r j t and thus, if aa" is bounded, 

P t 2 ^7 t ||oo<^(||aa"|U + ||a'||L), |*| < *o- (A.6) 
Thus, if J e denotes the operator with kernel dt^t.t\t=o{ r , r ') that is 

i (o'(r) + a'(r')) e (r - r') + (o(r) - a(r')) ^(r - r'), (A.7) 
then Taylor's formula combined with Schur's Lemma show that 

||if t|e -K 0te -t J e || <C e t 2 , \t\<t (A.8) 

for some C e depending only on 6 e , ||a'||oo and ||aa"|| oc (recall that to depends only on ||o'||oq as 
well). Since J e is a bounded operator (with norm uniformly bounded by ||a'||oo / \r9' (r)\ + \8(r)\dr), 
(|A.4jl and (|A.S|> show that if tp G -D(A) then ^ * 9 e G and A(<^ * e ) = (Ay>) * e - iJ e cp. 

Furthermore J e — > strongly as e — > for it is uniformly bounded and J e -0 — y for all tp £ C^°(R). 
All this shows that, for any <p G D(A), 

\\A{ip*e e )-{Ai P )*e e \\ <C\\y% A(<p*6 e )-{A<p)*6 e ^0, e -> 0, (A.9) 

with C independent of e, depending only on Ha'Hoo. In particular, (|A. 3|) and l|A.9|) imply easily 
that Cg°(R) is a core for A. 

B Proof of Proposition 13.61 

We start with some reductions. We may clearly write g(r, /i) as g\ (r, + /z) with g\ G hence 
by studying <?i(r, Aft) instead of g(r, Aft) we can assume that g G 5™ with m < 0. Note that the 
composition by Aft + i on the right of (|3.7J) doesn't cause any trouble in view of Q3.8|l . (|3.9|) and 
of the standard composition rules for pseudo-differential operators. Furthermore, by positivity of 
Aft, we have g(r. Aft) = g2(r, Aft + 1) for some g2 G S m which we can assume to be supported in 
[1/2, oo). This support property will be useful to consider Mellin transforms below. 

By the standard procedure for the calculus of a parametrix of the resolvent of an elliptic operator 
on a closed manifold |22| . there are symbols g_2(j/, rj, z), 9-3(2/, T), z), ■ ■ ■ of the form 

q-2 = (Ph ~ z)~\ q-2- 3 = J2 MPh ~ z)~ l ~\ J>1 (B.l) 

l<l<2j 

such that, for all N large enough, 

N 

0{A h -z)- L -1>* ( {^9)^q-2-3(y,D y ,z) I V*9 = M N (z). 

Here M N (z) is bounded from H K to H K+N for all k, H k = H K (Y) being the standard Sobolev 
space on 1" and <ijz are polynomials in r\ of degree 2j — I, which are independent of z and linear com- 
binations of products of derivatives of the full symbol of Aft in the chart we consider. Furthermore, 
for all k and N, there exist C and 7 such that 

\\M N (z)\\ H ^ HK+N <C- r 



|Imz|T+ 1 ' 



2G 



We now repeat the arguments of For each s such that Res < 0, we choose a contour T s 

surrounding [1/2, +00) on which (z)/|Imz| is bounded, and by Cauchy formula we get 



N 



with a 3 {s) = J2i<i< 2j {-iydjis(s ~ !) •• • - I + l)(Pfc + I)' - '/" if J > 1 and a (s) = [p h + l) s 
As in |TT], we choose the contour so that, if Re s < is fixed, 



z s M N (z) dz 



< C Rcs , K ,Ar(Ims) 7 . 



We then consider the Mellin transform M[g2](r,s) :— J °° fi s ~ 1 g2{r, fi) dfi. Note that it is well 
defined for s < — m (recall that m < 0), since 52 is supported in [1/2, 00), and that it decays fast 
at infinity with respect to |Ims|, for fixed Re s. It is then easy to check that 



Mfos](r,s) ( / z s M N (z)dz) dseC oc (R r ,C{H K ,H K+N )), 
Res — too \Jr s 



so, by MelUn's inversion formula, i.e. 52 (f) m) — (2«7r) 1 jR es=const MfeK?*, s)/x s ds, and by setting 

AT 



K e f(r)=e g (r,A h )-V* [ (**%(p h ) + (^^^^(-l)'^^^,^)//! ] 0, 



we get 



sup 

r>r 



< 00, V fc. 



The latter easily follows from the boundedness of the derivatives of g (or 172) with respect to r. In 
order to prove (|3.8|) . with N replaced by N/8 (which can be assumed to be an integer), we first 
remark that 1Z% is defined on generators of L 2 (I) ® L 2 (Y) by 



N 



(<Pk ®il>k)(r,v) = <Pk(r) (j^N Y (OV'fc) M 



with fk G L 2 (I). We then note that, by writing ipk = + i) N ' 4 (Ah + i) N ^ 4 ipk, we have, for 
j,l<N/8, 



< C N (fi k ) N/4 \\ip k \\ L 2 {I) sup WR 6 ^ (r)\\ H - 3N ,i^ H N/i 



Li(IxY) ■ r >r a 

and thus, if N is large enough so that 53fc(/ i fc) _iV/ ' 2 < °°j Parseval's formula yields 

1/2 



L 2 (7xy) 

This proves ()3.8|) . The proof of p.9|l is similar 



<c JV ^||^||i 2(/) N ) 

/xY) V fc / 



□ 
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